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FOREWORD 
The mathematical models of multiregional demography, adopted 
by the former Migration and Settlement Task, have been found to 
be applicable to a wide range of demographic topics. In this 
paper, the authors illustrate the application of these multidi- 
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SIMPLIFIED MULTIPLE CONTINGENCY CALCULATIONS 
INTRODUCTION 
To proceed from life contingencies involving a single decre- 
ment of death to the many applications with more than one decre- 
ment has customarily involved special treatment for each case. 
Disability insurance, withdrawals from a life insurance plan, 
pensions, multiple lives, each have their own section in Jordan (1975) 
and other actuarial texts, with distinct notations and formulas. 
Special approximations are introduced for each, some of them awk- 
ward. The purpose of this paper is to show how all such multiple 
contingencies, along with marriage, labor force, and other tables 
treated by demographers, may be handled as special cases of a 
theorem due to Kolmogorov, with simple matrix formulae, uniform 
calculations, and consistent approximations. 
The simplification begins by expressing all instances as in- 
dividuals moving from one state to another with specified proba- 
bility. Thus a person moves in and out of employment, in and out 
of insurance, of marriage, of sickness, of retirement. As long 
as the probability of moving is known and depends only on the 
state in which one is at the time, we can ask and answer questions 
on the annual premium for disability insurance (the premium to be 
paid only while the person is working); the premium for a pension 
to a widow if her husband predeceases her (that premium to be paid 
w h i l e  t h e  husband i s  working).  These and many o t h e r  premiums a r e  
r e a d i l y  c a l c u l a b l e ,  a l o n g  w i t h  t h e  r e s e r v e  a t  e a c h  d u r a t i o n  o f  
t h e  p o l i c y .  W e  a r e  by no means r e s t r i c t e d  t o  moves i n  one  d i -  
r e c t i o n  o n l y ;  a  p e r s o n  c a n  be  employed t h i s  y e a r ,  r e t i r e d  n e x t  
y e a r ,  and come back i n t o  t h e  l a b o r  f o r c e  a g a i n  t h e  f o l l o w i n g  y e a r .  
Thus w e  h a n d l e  n o t  o n l y  decrement  t a b l e s ,  b u t  a l s o  t h e  more gen- 
e r a l  increment-decrement  t a b l e s  (Schoen and Land 1 9 7 8 ) .  
The fo rmulas  t h a t  t u r n  up w i l l  be s i m p l e  m a t r i x  a n a l o g u e s  
o f  t h o s e  f a m i l i a r  i n  o r d i n a r y  l i f e  c o n t i n g e n c i e s .  A s  such t h e y  
n o t  o n l y  a r e  e a s i l y  remembered, i n  c o n t r a s t  t o  much o f  t h e  u s u a l  
t h e o r y  o f  m u l t i p l e  dec rement ,  b u t  a l s o  a r e  r e a d i l y  computed. Ap- 
p r o x i m a t i o n s  t o  h a n d l e  d a t a  g i v e n  i n  cne-year  o r  f i v e - y e a r  i n t e r -  
v a l s  a r e  s t r a i g h t f o r w a r d .  To make a l l  t h e s e  a d v a n t a g e s  a c c e s s i b l e ,  
w e  need t h e  m a t r i x  d i f f e r e n t i a l  e q u a t i o n  due  t o  Kolmogorov t h a t  
g e n e r a l i z e s  t h e  f a m i l i a r  
whose s o l u t i o n  i s  
: ( X I  = exp  (- 1: . ( a )  d j  
where ~ ( x )  i s  t h e  f o r c e  o f  m o r t a l i t y  and 2 ( x )  t h e  p r o b a b i l i t y  
o f  s u r v i v i n g  t o  a g e  x .  
To g e n e r a l i z e  w e  d e a l  n o t  o n l y  w i t h  t h e  movement from l i f e  
t o  d e a t h  r e p r e s e n t e d  by t h e  s c a l a r  r a t e  V ( X )  b u t  w i t h  t h e  m a t r i x  
~ ( x ) ,  s t a n d i n g  f o r  t h e  i n s t a n t a n e o u s  r a t e s  o f  movement between 
- 
any p a i r  of  s t a t e s  t h a t  a r e  t o  be  i n c l u d e d  i n  t h e  model-between 
l i f e  and d e a t h ,  between t w o  r e g i o n s  o f  a  c o u n t r y ,  between work 
and unemployment, between b e i n g  m a r r i e d  and b e i n g  d i v o r c e d ,  be- 
tween work and d i s a b i l i t y .  Once t h e  b a s i c  r a t e s  ( s t r i c t l y  f o r c e s  
o r  i n t e n s i t i e s )  o f  movement f o r  t h e  u ( x )  m a t r i x  a r e  known, a l l  
- 
else c a n  b e  found:  t h e  chance  t h a t  a  man o f  30 who i s  m a r r i e d  
w i l l  b e  a l i v e  10 y e a r s  l a t e r  and d i v o r c e d  o r  t h e  chance  t h a t  a  
b l u e - c o l l a r  p e r s o n  o f  25  w i l l  be a l i v e  and d o i n g  w h i t e - c o l l a r  
work 30 y e a r s  l a t e r .  
The p ( x )  m a t r i x  is  t o  be  c o n s t r u c t e d  from a c t u a l  d a t a  t o  a  
- 
s u i t a b l e  approximat ion.  The o f f - d i a g o n a l  e lements  o f  p ( s )  a r e  
- 
each  t h e  co r r e spond ing  obse rved  r a t e  o f  movement i n  a  s m a l l  t i m e  
i n t e r v a l  w i t h  s i g n  r e v e r s e d .  Thus - p i j  ( x )  dx is  minus t h e  chance 
t h a t  a  pe r son  i n  s t a t e  j t r a n s f e r s  t o  s t a t e  i d u r i n g  t h e  s h o r t  
p e r i o d  of  t i m e  and age  dx.  Each d i a g o n a l  e lement  o f  p ( x )  con- 
.II 
t a i n s  t h e  r a t e  p 6 i  o f  dy ing ,  w i t h  p o s i t i v e  s i g n ,  a l ong  w i t h  t h e  
t o t a l  of  t h e  o f f - d i a g o n a l  e lements  o f  t h e  column, I i Z j p i j ,  a l s o  
w i th  p o s i t i v e  s i g n .  The  r e a s o n  f o r  t h i s  is  t h a t  t h e  column t o t a l  
h a s  t o  be  c o n s e r v a t i v e - t h a t  is,  t o  add t o  z e r o  w i t h  r e s p e c t  t o  
movements among u n i t s .  I n  s h o r t ,  q u a n t i t i e s  from t h e  j t h  s t a t e  
added i n t o  t h e  i t h  s t a t e  must be s u b t r a c t e d  from t h e  j t h ,  s o  any 
inc rement  t o  p i j ,  i # j, h a s  t o  b e  s u b t r a c t e d  from p jj The n e t  
t o t a l  of  each  column i s  t h e  d e a t h  r a t e .  
The n o t a t i o n  is  i n d i c a t e d  i n  Tab l e  1 ,  g i v i n g  t h e  m a t r i x  p ( x )  
s.. 
i n  some d e t a i l .  The r igh t -hand  s u b s c r i p t  is  s t a t e  of o r i g i n ,  t h e  
l e f t - h a n d  s u b s c r i p t  s t a t e  of  d e s t i n a t i o n .  Thus p 2 3 ( x )  i s  t h e  
movement from s t a t e  3  t o  s t a t e  2  f o r  pe r sons  aged x .  A l l  o t h e r  
m a t r i c e s  of  t h i s  a r t i c l e  u s e  t h e  same s u b s c r i p t i n g ,  e s s e n t i a l l y  
t h a t  o f  Rogers ( 1 9 7 5 ) .  The m a t r i x  M(x) w i l l  be  t h e  o b s e r v a t i o n s  
- 
t h a t  co r respond  t o  p ( X I .  
- 
Table  1 .  Matr ix  p ( x )  o f  Moves. 
- 
Identical with Equation (I), except that the elements are 
now matrices and vectors, is the basic 
which is due originally in this application to Kolmogorov 
(Krishnamoorthy, 1978; Willekens, 1978 ) .  Here {Z(x)) is a ver- 
... 
tical vector in which the ith element is the number of the popu- 
lation surviving and in the ith category at age x. In general, 
where people are going in and out of the several categories, we 
cannot say that the elements of {Z(x) 1 represent probabilities, 
... 
yet probabilities are what we seek. Now suppose that in the small 
interval of time and age dx no one will be affected by more than 
one event. We would like to pass from p(x) and the vector il(x)) 
... -, 
to a matrix 2 (x) whose typical element is Zii (x) , the chance 
... 
that a person born in the jth state will be in the ith state by 
age x. 
The theory for doing this is available from standard works 
on linear differential equations (Coddington and Levinson, 1955; 
Gantmacher, 1959, vol. 2, p. 113). If there are n states, and 
so the matrix p(x) is n X n, and if the n latent roots of that 
... 
matrix are distinct, then there will be n linearly independent 
vectors {Z(x) 1 that satisfy Equation (3). When this is so, the 
- 
matrix made by setting those vectors side by side will obviously 
also satisfy the equation, and it can be shown to be the complete 
solution. Call Z (x) the matrix made up of the several { Z ( x ) .  1. 
- ... 
We shall see how to obtain the elements of Z(x) so as to ensure 
- 
that the ijth element is the probability that a person born in 
the jth category finds himself in the ith category by age x. 
THE MULTIPLICATIVE PROPERTY 
One mathematical property of the Z(x) will be important for 
... 
the demographic application: its multiplicativity. It may be 
shown (though not here) that if the interval from zero to y is 
broken into two subintervals at any point, say x < y, then 
(Gantmacher, 1959, vol. 2, p. 127) 
w h e r e t h e  i j t h  e lement  o f  Z ( y J x )  w i l l  i n  o u r  i n t e r p r e t a t i o n  mean 
" 
t h e  p r o b a b i l i t y  o f  be ing  i n  t h e  i t h  s t a t e  a t  age  y ,  g iven  t h a t  
t h e  pe rson  was i n  t h e  j t h  s t a t e  a t  age  x .  When y is  one o r  f i v e  
y e a r s  more t h a n  x  t h e n  w i t h i n  t h e  i n t e r v a l  (x, y )  o u r  p ( x )  may be 
-. 
approximated by a  m a t r i x  whose e lements  a r e  c o n s t a n t s  independent  
o f  age .  Th i s  w i l l  b e t h e k e y  t o  t h e  numer ica l  s o l u t i o n  of  Equa- 
t i o n  ( 3 ) .  
I f  i n  t h e  i n t e r v a l  x ,  x  + h ,  
'ij ( x )  is  c o n s t a n t ,  s a y  M ij' 
f o r  a l l  i and j, and Mx i s  t h e  a r r a y  o f  t h e  Mi., t h e n  from 
" 
p r o p e r t y  ( 4 )  w e  c a n  write 
With a n  a r b i t r a r y  r a d i x  Z ( O ) ,  Equat ion ( 5 )  p e r m i t s  t h e  construe- 
- 
t i o n  o f  Z(x)  s t e p  by s t e p  a t  i n t e r v a l s  of  h a l l  t h e  way t o  t h e  
4 
end o f  l i f e .  A somewhat b e t t e r  approx imat ion  i s  o b t a i n e d  by 
hM /2 
m u l t i p l y i n g  bo th  sides on t h e  l e f t  by e  *x , expanding t o  t h e  
t e r m  i n  h ,  and m u l t i p l y i n g  by ( I  + hM / 2 ) - '  on  t h e  L e f t ,  t o  ob- 
- -.x 
t a i n  
The approx imat ion  ( 6 )  i s  c l o s e  enough f o r  many k i n d s  of  d a t a  
w i t h  i n t e r v a l s  o f  one  y e a r  o r  even f i v e  y e a r s .  I t  can  be  improved 
by g r a d u a t i n g  t h e  o r i g i n a l  d a t a  down t o  t e n t h s  o f  a  y e a r  o r  smal- 
ler ,  and t h i s  was e s s e n t i a l l y  what O e c h s l i  (1971, 1975) d i d ,  u s i n g  
s p l i n e  f u n c t i o n s .  
PROBABILITIES OVER LONG INTERVALS 
The n e x t  obv ious  q u e s t i o n  t o  a s k  i s :  what i s  t h e  p r o b a b i l i t y  
t h a t  a  pe r son  i n  t h e  j t h  s t a t e  a t  a g e  x  w i l l  f i n d  h imse l f  i n  t h e  
i t h  s t a t e  a t  a g e  y ,  where t h e  d i f f e r e n c e  y - x  need n o t  be smal l?  
Without  m a t r i x  methods t h e  problem i s  d i f f i c u l t ;  it has  t o  t a k e  
account  of  n o t  o n l y  movement o u t  of  t h e  j t h  s t a t e  b u t  a l s o  
movement i n t o  t h e  i t h  s t a t e  o f  pe r sons  n o t  i n  t h e  j t h  s t a t e  a t  
age  x .  The m u l t i p l i c a t i v e  p r o p e r t y  t e l l s  u s  t h a t  i f  Z (y  I x )  is 
4 
t h e  d e s i r e d  set  o f  p r o b a b i l i t i e s ,  w e  know t h a t  2 ( y  l x )  Z ( x )  = Z ( y )  , 
- 4 4 
s o  m u l t i p l y i n g  on t h e  r i g h t  by 2 - ' ( x )  w e  g e t  
4 
where t h e  p r o b a b i l i t y  o f  go ing  from t h e  j t h  s t a t e  a t  a g e  x  t o  
t h e  i t h  s t a t e  a t  age  y > x  i s  t h e  j t h  e lement  of  t h e  i t h  row of  
EXPECTED TIME I N  THE SEVERAL STATES 
Beyond p r o b a b i l i t i e s  w e  would l i k e  t o  know t h e  expec ted  t i m e  
l i v e d  between age  x  and x  + h  i n  t h e  s e v e r a l  s t a t e s ,  where i n  t h e  
f i r s t  i n s t a n c e  h  i s  small. A s t r a i g h t - l i n e  approx imat ion  g ives ,  
a s  t i m e  o f  r e s i d e n c e  i n  t h e  i t h  s ta te  f o r  t h o s e  i n i t i a l l y  i n  t h e  
j t h  state,  t h e  i j t h  e lement  o f  t h e  m a t r i x  
and a  c u b i c  g i v e s  
L = ( 1 3 h / 2 4 ) ( 2  + 2 ) - ( h / 2 4 ) ( 2  h - x  - x  - x + h  - 3 ~ - h  + Ex+2h 1 (8) 
Adding h$z e s t i m a t e s  person-years  o v e r  any i n t e r v a l  o f  age  
l a r g e  o r  s m a l l .  Cumulating h$x back from t h e  end o f  t h e  t a b l e  
g i v e s  t h e  expec ted  y e a r s  i n  t h e  i t h  s t a t e  from age  x  t o  t h e  end 
of  l i f e  measured p r o s p e c t i v e l y  from b i r t h  i n  t h e  j t h  s t a t e :  
U - h  r w 
For a n  i n d i v i d u a l  j u s t  born  i n  t h e  j t h  s t a t e ,  t h e  p r o b a b i l i t y  
of  b e i n g  i n  t h e  i t h  s t a t e  by a g e  x  i s  t h e  i j t h  e l ement  of  l ( x ) .  
v 
And i f  t h e  i k t h  e lement  o f  t h e  m a t r i x  8 ( x )  i s  t h e  e x p e c t e d  number 
- 
o f  y e a r s  beyond a g e  x  i n  t h e  i t h  s t a t e  f o r  t h o s e  who s u r v i v e  t o  
t h e  k t h  s t a t e  by a g e  x ,  w e  must have 
T ( x )  = ( x )  ( x )  
." ." ." 
(9) 
which g i v e s  f o r  t h e  j t h  s ta te  a t  b i r t h  t h e  number o f  y e a r s  f o r  
which t h e  i t h  s t a t e  w i l l  be occup ied  a f t e r  a g e  x .  
C o n s i d e r ,  ' f o r  example, t h o s e  i n  t h e  second s t a t e  a t  b i r t h  
and l e t  u s  f i n d  t h e i r  e x p e c t a t i o n  beyond a g e  x  i n  t h e  f i r s t  s t a t e .  
The second column of l ( x )  g i v e s  t h e  chance  t h a t  t h e  pe r son  born  
-, 
i n  t h e  second  s t a t e  i s  i n  t h e  f i r s t ,  t h e  second,  and so f o r t h ,  
s t a t e  a t  a g e  x .  I f  r e s i d i n g  i n  t h e  f i r s t  s t a t e  a t  a g e  x ,  h e  h a s  
a n  e x p e c t e d  P l l ( x )  i n  t h e  f i r s t  s t a t e :  i f  r e s i d i n g  i n  t h e  second,  
he  h a s  a n  e x p e c t e d  Z l 2 ( x )  i n  t h e  f i r s t ;  and so on.  I n  s h o r t  h i s  
t o t a l  e x p e c t a t i o n  i n  t h e  f i r s t  s t a t e ,  g i v e n  t h a t  he  was born  i n  
t h e  second,  i s  p r o s p e c t i v e l y  from a g e  zero 
For t h e  whole c o l l e c t i o n  o f  s t a t e s ,  w e  have 
Note t h a t  h e r e  a s  i n  o t h e r  e x p r e s s i o n s  i n d e x e s  a r e  r e a d  r i g h t  t o  
l e f t  i n  o r d e r  t o  u s e  column v e c t o r s  and t h e  c o n v e n t i o n a l  s u b s c r i p t -  
i n g  o f  m a t r i x  e l ements .  
D i v i d i n g  Equa t ion  ( 9 )  by 2 ( x )  on t h e  r i g h t ,  w e  have f o r  t h e  
-, 
e x p e c t a t i o n  i n  t h e  . t t h  s t a t e  f o r  a  pe r son  i n  t h e  j t h  s t a t e  a t  
a g e  x  t h e  i j t h  e l ement  o f  
The r e c u r s i v e  fo rmulas  f a m i l i a r  i n  t h e  s c a l a r  l i f e  t a b l e  a r e  
a l s o  a v a i l a b l e  i n  m a t r i x  terms. Thus one  way o f  b u i l d i n g  up t h e  
e x p e c t a t i o n  o f  l i f e  i s  t o  s t a r t  a t  t h e  end o f  l i f e  and work back- 
wards u s i n g  
MARITAL STATUS 
Schoen and Nelson (19741, Krishnamoorthy (1978) , and 
Wi l l ekens  e t  al. (1980) have p r e sen t ed  mu l t i d imens iona l  increment-  
decrement l i f e  t a b l e s  f o r  women by m a r i t a l  s t a t u s ,  r e cogn i z ing  t h e  
s t a t e s  o f  never  ma r r i ed ,  ma r r i ed ,  widowed, and d ivo rced .  Working 
w i t h  d a t a  f o r  t h e  U.S. i n  1970, Krishnamoorthy (1979) f i n d s ,  f o r  
example, t h a t  t h e  chance  of  a  c h i l d  j u s t  born  b e i n g  i n  t h e  never  
ma r r i ed  s t a t u s  a t  a g e  50 i s  0.034; o f  be ing  mar r i ed  0.727; o f  
be ing  widowed (and n o t  r e m a r r i e d )  0.067; and o f  be ing  d ivo rced  
(and n o t  r e m a r r i e d )  0.090. A t  b i r t h ,  expec ted  number o f  y e a r s  i n  
t h e  never  ma r r i ed  s t a t e  i s  22.56; ma r r i ed  ( i n c l u d i n g  r emar r i age s )  
32.27; widowed 10.22;  d ivo rced  4.71. 
Repeat ing Krishnamoorthy 's  c a l c u l a t i o n s  w i t h  d a t a  on Be lg i an  
women i n  1970-71, Wi l l ekens  e t  a l .  (1980) f i n d  some d i f f e r e n c e s  
i n  t h e  co r r e spond ing  p r o b a b i l i t i e s  and d u r a t i o n s .  The p r o b a b i l i t y  
t h a t  a  baby g i r l  j u s t  born  i s  i n  t h e  never  ma r r i ed  s t a t e  by age  
50 i s  0.034; ma r r i ed  0.827; widowed 0.043; and d ivo rced  0.030. 
Expected number o f  y e a r s ,  a t  b i r t h ,  i n  t h e  never  ma r r i ed  s t a t e  i s  
23.27; ma r r i ed  40.83; widowed 8.81; d i v o r c e d  1 .36 .  An i lnpor tant  
f i n d i n g  i s  t h a t  Be lg i an  women, w i t h  a  d i v o r c e  r a t e  one f o u r t h  t h a t  
o f  t h e  Uni ted  S t a t e s ,  e x h i b i t  s i m i l a r  p r o p o r t i o n s  o f  r emar r i age s  
among d i v o r c e e s  a n d a  much lower  one  among widows (14 p e r c e n t  ve r -  
s u s  two p e r c e n t ) .  P a t t e r n s  o f  f i r s t  mar r i age  a r e  ve ry  s i m i l a r  
i n  t h e  two c o u n t r i e s ,  w i t h  abou t  94 p e r c e n t  of  t h e  g i r l s  bo rn  
e v e n t u a l l y  marrying a f t e r  spend ing  roughly  0.31 o f  t h e i r  l i f e t i m e  
i n  t h e  s i n g l e  ( neve r  ma r r i ed )  s t a t e .  
LABOR FORCE STATUS 
A s t a n d a r d  a p p l i c a t i o n  of t h e  l i f e  t a b l e  concep t  is  t o  t a b l e s  
of working l i f e  (Wolfbein,  1949) .  Recen t ly ,  Hoem and Fong (1976) ,  
Wil lekens  (1978 ) ,  and Schoen and Woodrow (1980) have demonstra ted  
t h e  s u p e r i o r i t y  of  t h e  mul t id imens iona l  approach.  Using Danish 
d a t a  f o r  1972-74 Hoem and Fong (1976) ,  f o r  e x a m p l e ,  f i n d  t h a t  t h e  
chance o f  a  baby boy j u s t  born be ing  employed a t  a g e  20 i s  0.909, 
and t h a t  t h e  average  number of y e a r s  he  can expec t  t o  be  working 
* 
d u r i n g  h i s  e n t i r e  l i f e t i m e  is  40.98. Using t h e  same d a t a  Wil lekens  
(1978) c a l c u l a t e s  t h a t  a  male unemployed a t  age  20 can  e x p e c t  t o  
expe r i ence  abou t  10.11 y e a r s  o f  unemployment, whereas a n  employed 
m a l e  o f  t h e  same age can  expec t  t h e  somewhat lower t o t a l  o f  8.04 
y e a r s .  
Repeat ing Wi l lekens '  c a l c u l a t i o n s  f o r  females  shows s i g n i f i -  
c a n t  d i f f e r e n c e s .  The ave rage  number of  f u t u r e  y e a r s  s p e n t  i n  
t h e  employed s t a t e  by a  working 20-year-old woman i s  29.82, abou t  
11 y e a r s  less t han  t h e  cor responding  male f i g u r e .  The d i f f e r e n c e  
a t  b i r t h  is  one y e a r  less and c o n t r a s t s  markedly w i t h  t h e  15 yea r  
d i f f e r e n c e  i n  t h e  U.S. r e p o r t e d  by Schoen and Woodrow (1980 ) ,  who 
comparing t h e  conven t iona l  and t h e  mul t id imens iona l  approaches ,  
conclude t h a t  a l t hough  bo th  g i v e  r a t h e r  s i m i l a r  r e s u l t s  f o r  t h e  
p r o p o r t i o n  o f  t o t a l  l i f e t i m e  s p e n t  i n  t h e  l a b o r  f o r c e ,  t h e  former 
c o n c e a l s  a  s i g n i f i c a n t  armunt o f  movement i n t o  and o u t  o f  t h e  
employed s t a t e .  
While t h e  conven t iona l  t a b l e  shows j u s t  under  one  
e n t r y  t o  t h e  l a b o r  f o r c e  p e r  male born ,  t h e  increment-  
decrement t a b l e  shows a  l i f e t i m e  ave rage  o f  3  1/4 
e n t r i e s  (Schoen and Woodrow, 1980, p. 319 ) .  
'The u s u a l  t a b l e  g r a t u i t o u s l y  s i m p l i f i e s  r e a l i t y  i n  p e r m i t t i n g  
movement i n  o n l y  one d i rec t ion- f rom never  having worked i n t o  t h e  
l a b o r  f o r c e  and from t h e  l a b o r  f o r c e  i n t o  permanent ly  r e t i r e d .  
Based on t h e s e  mathemat ica l  and demographic p r e l i m i n a r i e s ,  
f i n a n c i a l  c a l c u l a t i o n s  can  be made a s  a  d i r e c t  a p p l i c a t i o n .  
*The d a t a  i n  H o e m  and Fong (1976) r e f e r  t o  a c t i v e  and i n a c t i v e  
s t a t u s e s ,  which a r e  n o t  e q u i v a l e n t  to  be ing  employed and unemployed. 
Neve r the l e s s ,  f o r  e x p o s i t i o n a l  convenience we s h a l l  u se  t h e  two 
sets of  terms i n t e r changeab ly .  
ANNU IT I E S  
A l i f e  a n n u i t y  o f  one u n i t  p e r  annum, p a y a b l e  c o n t i n u o u s l y  
f o r  t h e  r e s t  o f  l i f e  t o  a p e r s o n  now aged x ,  h a s  t h e  p r e s e n t  
v a l u e  
where L i s  t h e  f o r c e  o f  i n t e r e s t ,  i . e . ,  t h e  nominal  a n n u a l  ra te  
o f  i n t e r e s t  compounded c o n t i n u o u s l y ,  and Z(x + t ) / Z ( x )  i s  t h e  
p r o b a b i l i t y  t h a t  a p e r s o n  now aged x  w i l l  be  a l i v e  t y e a r s  l a te r .  
~ h u s  a ( x )  i s  t h e  p r e s e n t  v a l u e  o f  t h e  a n n u i t y  p a y a b l e  i r r e s p e c t i v e  
o f  whether  t h e  p e r s o n  i s  working o r  n o t  working,  i n  good h e a l t h  o r  
bad,  l i v i n g  i n  a c e r t a i n  r e g i o n  o r  n o t .  I t  i s  h e l p f u l  t o  w r i t e  
a ( x )  i n  t h e  form 
W 
s i n c e  N ( x )  and D ( x )  need be c a l c u l a t e d  o n l y  once  f o r  e a c h  x .  
Now suppose  t h a t  t h e  p e r s o n  i s  t o  be  p a i d  t h e  a n n u i t y  o n l y  
i f  h e  i s  a l i v e  and i n  a c e r t a i n  s t a t e - s a y ,  s i c k ,  r e t i r e d ,  o r  
unemployed. W e  assume as u s u a l  t h a t  t h e  c o n d i t i o n  can  be d e f i n e d  
p r e c i s e l y  and t h a t  it i s  n o t  a f f e c t e d  by t h e  a n n u i t y .  I f ,  f o r  
example, t h e  a n n u i t y  i s  l a r g e  enough t h a t  a n  a p p r e c i a b l e  number 
of  p e o p l e  w i l l  change t h e i r  r e s i d e n c e  i n  o r d e r  t o  o b t a i n  it, t h e n  
p l a c e  o f  r e s i d e n c e  i s  n o t  a  s u i t a b l e  c o n d i t i o n .  I f  t h e  a n n u n i t y  
is p a y a b l e  o n l y  when t h e  p e r s o n  i s  s i c k ,  t h e n  t h e r e  must b e  some 
c r i t e r i o n  o f  t h e  s i c k  c o n d i t i o n .  I n  a p p l i c a t i o n  w e  w i l l  have i n  
mind t h e  v a l u e  o f  t h e  a n n u i t y  t h a t  t h e  p e r s o n  pays  t o  t h e  company 
o r  government i n  t h e  form o f  a premium o r  t a x  w h i l e  h e  i s  working,  
and t h e  d i f f e r e n t  a n n u i t y  t h a t  t h e  p e r s o n  r e c e i v e s  w h i l e  d i s a b l e d  
o r  r e t i r e d .  
L e t  u s  then  suppose t h a t  a  person i s  now aged x  and i n  t h e  
j t h  s t a t e ,  and t h a t  t h e  a n n u i t y  i s  payab le  o n l y  wh i l e  he i s  a l i v e  
and i n  t h e  i t h  s t a t e .  The expec ted  f u t u r e  l i f e t i m e  i n  s t a t e  i 
f o r  a  person i n i t i a l l y  i n  s t a t e  j, i s  prov ided  by t h e  r a t i o  o f  
two m a t r i c e s  g i v en  a s  (10)  above 
I f  money c a r r i e s  no i n t e r e s t ,  (10) i s  t h e  answer t o  t h e  a n n u i t y  
problem. 
I f  money c a r r i e s  i n t e r e s t  a t  r a t e  6 t h e n  w e  need t o  modify 
t h e  m a t r i x  T ( x )  by m u l t i p l y i n g  a l l  of t h e  I (x + t )  o f  which it 
.., i j  




' ij ( x ) ,  can  be  d e s i g n a t e d  D ( x ) ,  and t h e  co r r e spond ing  curnu- - 
l a t i v e  i n t e g r a l  
t a k e s  t h e  p l a c e  o f  t h e  und i scoun ted  T ( x ) .  W e  have fo l lowed t h e  
.., 
u s u a l  a c t u a r i a l  form o f  d i s c o u n t i n g  e v e r y t h i n g  back t o  age  ze ro .  
Then we have f o r  t h e  v a l u e  o f  a n  a n n u i t y ,  payab le  t o  o r  by a  
pe rson  ag e  x  i n i t i a l l y  i n  s t a t e  j, b u t  o n l y  w h i l e  he  i s  i n  s ta te  
i, w i t h  money d i s c o u n t e d  a t  r a t e  of  i n t e r e s t  6 ,  t h e  i j t h  e lement  
o f  
A common arrangement  i s  a  l i f e  a n n u i t y  p l u s  a  c o n d i t i o n  t h a t  
t h e  a n n u i t y  c o n t i n u e s  f o r  t e n  ( o r  some o t h e r  number) y e a r s  a f t e r  
t h e  p o l i c y  i s  t ak en  o u t .  T h i s  means i n  e f f e c t  a n  a n n u i t y  c e r t a i n  
f o r  t e n  y e a r s  p l u s  a  d e f e r r e d  annu i t y  beyond t h a t .  T4e would have 
a s  t h e  i n i t i a l  v a l u e  p e r  payment o f  u n i t y  p e r  annum: 
1 - e  -106 d a  + N (x  + 10) D x = 7 
.., .., .., 
+ N(x + 10) D-I ( x )  
... 
I n  p r a c t i c e  a n n u i t i e s  and i n su rance  a r e  covered n o t  by 
s i n g l e  payments b u t  monthly o r  annua l l y .  L e t  u s  suppose con t in -  
uous payments (any o t h e r  form can e a s i l y  be approximated from 
t h i s )  and t h a t  payments a r e m a d e w h i l e  t h e  pe r son  i s  i n  s t a t e  i 
and an a n n u i t y  r ece ived  w h i l e  t h e  person  i s  i n  s t a t e  h.. I n  t h e  
obvious  a p p l i c a t i o n s  i w i l l  be  working and h r e t i r e d ;  o r  else 
i i n  good h e a l t h  and h i n  h o s p i t a l ;  o r  i wcrking and h unemployed. 
Now a  premium of  u n i t y  from a  person i n  t h e  j t h  s t a t e  a t  age  X ,  
payab le  a s  l ong  a s  he  i s  i n  t h e  i t h  s t a t e , h a s  an  i n i t i a l  d i s -  
counted v a l u e  g iven  by t h e  i j t h  e lement  o f  t h e  m a t r i x  a ( x )  = 
., 
N (x )  D-' ( X I  , s o  a  premium of  phi ,  say ,  w i l l  have an i n i t i a l  d i s -  
N .., 
counted v a l u e  equa l  t o  t h e  i j t h  e lement  o f  
The b e n e f i t  i s  a n o t h e r  annu i ty ,  s a y  of  u n i t y ,  pa id  each 
yea r  d u r i n g  t e n u r e  i n  t h e  h th  s t a t e .  For  a  person i n  t h e  j t h  
s t a t e  t h i s  must have a  p r e s e n t  v a l u e  o f  t h e  h j t h  e lement  of  
a ( x ) ,  -, say  a (3) . Then t h e  r e q u i r e d  premium i s  o b t a i n e d  by 
equa t i ng  payment and b e n e f i t ,  i .e . ,  
Other forms a r e  s t r a i g h t f o r w a r d  enough t o  b e  w r i t t e n  o u t  
immediately.  Thus a single-payment endowment, on t h e  l i f e  o f  a  
person i n  t h e  j t h  s t a t e ,  due a t  age  x  + h ,  i f  t h e  person  i s  t h e n  
i n  t h e  i t h  s t a t e ,  i s  t h e  i j t h  e lement  o f  t h e  m a t r i x  
I t  i s  o f t e n  d e s i r e d  t o  pay o n l y  f o r  a  c e r t a i n  t e r m  a t  most ,  wi th-  
o u t  chang ing  t h e  b e n e f i t ,  a s  i n  a  20-payment l i f e  p o l i c y .  A 20- 
payment l i f e  p o l i c y  f o r  d i s a b l e m e n t  t a k e n  o u t  by  a p e r s o n  i n  s t a t e  
j, w i t h  premiums payab le  i n  s t a t e  j and w i t h  b e n e f i t s  r e c e i v a b l e  
i n  s t a t e  i ,  would be t h e  i j t h  e l ements  o f  N(x)  d i v i d e d  by t h e  
w 
j j t h  e l ement  o f  N(x)  - N(x + 2 0 ) .  
- - 
A s  t h e  s i m p l e s t  o f  t h e  innumerable  examples p o s s i b l e ,  con- 
s i d e r  t h e  t a b l e  of  working l i f e  c a l c u l a t e d  by F r a n s  Wi l l ekens  
( 1 9 7 9 ) .  H i s  e x p e c t a t i o n s  matrix,  r e c o g n i z i n g  o n l y  working as 
s t a t e  2  and n o t  working as s t a t e  1 ,  i s  
Thus a male employed a t  a g e  17 would have a n  e x p e c t e d  8.71 y e a r s  
unemployed; one unemployed a t  a g e  17 would have a n  e x p e c t e d  10.09 
y e a r s  o f  unemployment. I f  w e  d i s c o u n t  th roughou t  a t  t h r e e  pe r -  
cent p e r  annum, t h e n  t h e  same matrix becomes 
s o  t h e  payment o f  $1 p e r  y e a r  w h i l e  Cme person  i s  unemployed 
would have a p r o s p e c t i v e  c o s t  o f  $3.22 f o r  a p e r s o n  i n i t i a l l y  
employed and of  $4.54 f o r  a p e r s o n  i n i t i a l l y  unemployed. 
BENEFITS CERTAIN 
Peop le  who pay f o r  a  p e n s i o n  o v e r  many y e a r s  wish  t o  a v o i d  
t h e  c o n t i n g e n c y  t h a t  t h e y  might  d i e  e a r l y  i n  t h e  b e n e f i t  p e r i o d ,  
o r  indeed  b e f o r e  it s t a r t s ,  and t h u s  seem t o  o b t a i n  l i t t l e  o r  
none o f  what t h e y  have p a i d  f o r .  To a v o i d  t h e  a p p e a r a n c e  of a  
l o s s ,  t h e y  p r e f e r  t o  have a term c e r t a i n  o f  b e n e f i t  t h a t  would 
go t o  t h e i r  b e n e f i c i a r i e s  and t h a t  u s u a l l y  adds  l i t t l e  t o  t h e  
premium. T h i s  a l s o  can  b e  r e a d i l y  worked o u t  f o r  t h e  g e n e r a l  
mul t i -d imens iona l  case. 
FUNCTIONS OF MULTIPLE LIVES 
~ f  bo th  f a t h e r  and mother have jobs  t h e y  may wish t o  i n s u r e  
t h e i r  c h i l d r e n  a g a i n s t  t h e  p o s s i b i l i t y  t h a t  bo th  f a l l  s i c k  o r  
bo th  d i e .  Mat r ix  e x p r e s s i o n s  can be  worked o u t  f o r  such c a s e s .  
A GENERALIZED FORM OF INSURANCE 
I n  o r d i n a r y  i n s u r a n c e  p r a c t i c e  where l i v i n g  and dead a r e  
t h e  o n l y  s t a t e s  r e cogn i zed ,  t h e  va lue  o f  an  a s s u r a n c e  o f  u n i t y  
on a  l i f e  now aged x i s  
W e  proceed t o  t h e  g e n e r a l  case o f  i n s u r i n g  t h e  pe rson  a g a i n s t  
p a s s i n g  from t h e  i t h  t o  t h e  h t h  s t a t e ,  g iven  t h a t  h e  i s  o f  age  x 
and i n  t h e  i t h  s t a t e  a t  t h e  t i m e  o f  t h e  i n s u r a n c e .  The p r o b a b i l -  
i t y  d i s c o u n t e d  back t o  t i m e  x t h a t  t h e  t r a n s i t i o n  w i l l  t a k e  p l a c e  
a t  t i m e  y i s  t h e  h i t h  e lement  i n  
-(hi) 
where P (y) i s  t h e  p r o b a b i l i t y  of  t r a n s i t i o n  from z' t o  h ,  
+t g ive n  t h a t  t h e  pe rson  ha s  a r r i v e d  a t  s t a t e  i by age  y .  Thi s  
ha s  t o  be added t h rough  a l l  Y > X. Def in ing  M(x) a s  t h e  sum 
.w 
t h e r e  b e ing  no danger  of  con fus ion  w i t h  t h e  q u i t e  d i f f e r e n t  M(x) 
- 
m a t r i x  c o n t a i n i n g  ave rage  r a t e s  i n  a  sma l l  f i n i t e  i n t e r v a l ,  we 
have f o r  t h e  s i n g l e  payment 
*The numer ica l  approx imat ion  of  t h e  m a t r i x  Z(Y) - t h a t  ha s  
been used i s  R(y)L(y) L ( y  ) - '  , where FJ(y i s  a  d i a g o n a l  m a t r i x  
w i t h  i n t e r s t a t e  t r a n s i t i o n  r a t e s  o r  d e a t h  r a t e s  i n  t h e  d i a g o n a l .  
- 1  A(x)  = M(x) D ( x )  
v - - 
(18)  
The i n s u r a n c e  o f  u n i t y  t a k e n  o u t  by a person  i n  t h e  i t h  s ta te  
aged x ,  a g a i n s t  a r r i v i n g  i n t o  t h e  h t h  s t a t e ,  i s  worth  t h e  h i t h  
e l ement  o f  A ( x ) .  To a l l o w  f o r  i n s u r a n c e  a g a i n s t  t h e  h t h  o r  t h e  
v 
k t h  s t a t e  w e  would add two such  e x p r e s s i o n s .  
I f  t h e  i n s u r a n c e  i s  t o  be  p a i d  f o r  by a n  a n n u i t y  t h e n  t o  
f i n d  t h e  premium w e  must  d i v i d e  t h e  r e q u i r e d  e l e m e n t  o f  A ( x )  by 
v 
a n  e lement  o f  a ( x ) .  Suppose t h e  p e r s o n  aged  x  and now i n  t h e  
- 
i t h  s t a t e ,  and i n s u r e d  a g a i n s t  p a s s a g e  from t h e  i t h  t o  t h e  h t h  
s t a t e ,  t o  b e  covered  by e q u a l  payments w h i l e  h e  i s  i n  t h e  k t h  
s ta te ;  Then t h e  a n n u a l  premium is  
A combined i n s u r a n c e  and endowment p r o v i d e s  f o r  t h e  payment 
o f  a  sum t o  t h e  b e n e f i c i a r y  i f  t h e  pe r son  d i e s  w i t h i n  10 y e a r s ,  
and t o  t h e  pe r son  i f  h e  s u r v i v e s  t o  t h e  end  o f  t h e  13-year p e r i o d .  
The p r e s e n t  v a l u e  o f  such  a p o l i c y  t a k e n  o u t  i n  s t a t e  j, and in -  
s u r e d  a g a i n s t  f a l l i n g  i n t o  s ta te  i ,  i s  t h e  i j t h  e l ement  o f  
I n  a n o t h e r  t y p e  o f  p o l i c y  t h e  i n s u r e d  g e t s  h i s  premiums back 
w i t h o u t  i n t e r e s t  i f  h e  s u r v i v e s , a n d  keeps  o u t  o f  s t a t e  i f o r  t h e  
10 y e a r s .  I f  t h e  premium is  p t h e n  w e  have t o  s o l v e  
e x c e p t  t h a t  t h i s  i s  n o t  t o  b e  i n t e r p r e t e d  as a m a t r i x  e q u a t i o n ,  
b u t  o n l y  a s  t h e  j j t h  e l ement  on t h e  l e f t  f o r  D (x + 10)  D-I ( x )  , 
- - 
and a s  t h e  i j t h  e l ement  f o r  t h e  M ' s .  Thus w e  would w r i t e  n (j j)  
2. 
f o r  t h e  j j t h  e l ement  o f  [N(x)  - N(x + 10) - 10D(x + ~ 1 0 ) 1 0 - ~ ( x ) ,  
- N u - 
and rn (ij)  ( x )  f o r  t h e  i j t h  e l ement  o f  [M(x) - M(x + 10) 1 D-' ( x )  , 
N -. - 
and t h e  premium i s  
RESERVES 
The c o n t i n g e n t  l i a b i l i t y ,  s ay  when t h e  pe rson  has  moved 
a l o n g  from age  x t o  age  y ,  i s  a v a i l a b l e  f o r  a l l  such p o l i c i e s .  
For a  s i n g l e  premium a n n u i t y  t aken  o u t  a t  age  x and s t a t e  j ,  and 
payab le  when t h e  pe rson  i s  i n  s t a t e  i, f i r s t  suppose  it i s  known 
t h a t  t h e  pe rson  h a s  moved t o  t h e  k t h  s t a t e .  The r e s e r v e  needed 
w i l l  be t h e  i k t h  t e r m  of 
I f  one  does  n o t  have t h e  i n f o r m a t i o n  on what t h e  p r e s e n t  
s t a t e  o f  t h e  i n d i v i d u a l i s t h e n  t h e  r e s e r v e  might  t a k e  accoun t  o f  
t h e  p r o b a b i l i t y  o f  t h e  pe rson  be ing  i n  t h e  k t h  s t a t e  a t  a g e  y,  
given  t h a t  he  was i n  t h e  j t h  s t a t e  a t  a g e  x ,  i .e . ,  t h e  k j t h  e l e -  
ment o f  
where t h e  a s t e r i s k  * means t h a t  t h e  I m a t r i x  ha s  been r e c a l c u l a t e d  
" 
o m i t t i n g  t h e  con t ingency  of  death-we know at l e a s t  t h a t  t h e  per-  
son i s  a l i v e ,  The r e s e r v e  i s  now 
I n  p r a c t i c e  it is n o t  o f  g r e a t  i n t e r e s t  t o  we igh t  a c c o r d i n g  
t o  t h e  p r o p o r t i o n s  2 * ( k i )  
- 
( y l x )  t h a t  would be i n  t h e  s e v e r a l  s t a t e s  
k ,  g i v e n  t h a t  t hey  w e r e  i n  a  c e r t a i n  d i s t r i b u t i o n  o f  s t a t e  j when 
they  took  o u t  t h e  p o l i c y .  S i n c e  w e  do n o t  c a r e  abou t  t h o s e  who 
dropped t h e i r  p o l i c i e s  p r i o r  t o  t h e  t i m e  o f  v a l u a t i o n ,  it i s  bet- 
t e r  t o  we igh t  t h e  s e v e r a l  s t a t e s  k acco rd ing  t o  t h e  b u s i n e s s  i n  
hand a t  t h e  t i m e  t h e  r e s e r v e  i s  b e i n g  c a l c u l a t e d .  
Annuity c a l c u l a t i o n s  (13)  o r  (20)  g i v e  t h e  v a l u e  of a  p o l i c y  
t h a t  pays  one  u n i t  p e r  y e a r  o f  unemployment. For  example, i f  
money c a r r i e s  no i n t e r e s t  and i f  t h e  p o l i c y  i s  i s s u e d  t o  a n  em- 
ployed 20-year-old Danish male,  t h e n  8.04 u n i t s  i s  t h e  v a l u e  o f  
t h e  p o l i c y .  I f  t h e  i n t e r e s t  r a t e  i s  t h r e e  p e r c e n t ,  t h e  v a l u e  de- 
c l i n e s  t o  2.84 u n i t s  and i n c r e a s i n g  t h e  r a t e  t o  s i x  p e r c e n t  lowers  
t h e  v a l u e  of  t h e  p o l i c y  t o  1 . 4 0 .  W e  may c a l c u l a t e  t h e  r e s e r v e  
s t i l l  needed t o  c o v e r  t h e  expec ted  payments t o ,  s a y ,  a  30-year-o ld  
youth .  Equa t ion  (21 ) g i v e s  t h e  answer,  and f o r  t h e  Danish d a t a  
t h e  f i g u r e  i s  2.54 u n i t s ,  i f  t h e  p r e v a i l i n g  r a t e  o f  i n t e r e s t  i s  
t h r e e  p e r c e n t ,  and 1 . 0 4  u n i t s  i f  it i s  s i x  p e r c e n t .  
W e  may l e a v e  t h i s  somewhat improbable  k i n d  o f  p o l i c y  and go 
on t o  one  i n  which t h e  payments a r e  made by a n  a n n u i t y  w h i l e  t h e  
p e r s o n  i s  working and b e n e f i t s  o b t a i n e d  w h i l e  t h e  p e r s o n  i s  d i s -  
a b l e d  o r  unemployed. I n  g e n e r a l  t o  o b t a i n  t h e  r e s e r v e  t h a t  would 
b e  needed i n  r e s p e c t  o f  a  pe r son  i n  s t a t e  j a t  a g e  y > x w e  r e -  
c a l l  t h a t  t h e  f u t u r e  payments a r e  a n  a n n u i t y  o f  phi w i t h  expec ted  
v a l u e  p e r  u n i t  e q u a l  t o  t h e  i j t h  t e r m  i n  a ( y ) ,  i .e . ,  (i j)  
- P h i  a ( Y  
i f  t h e  p e r s o n  is  s t i l l  i n  s t a t e  j. The f u t u r e  b e n e f i t s  a r e  an  
a n n u i t y  o f  u n i t y  w h i l e  a  pe r son  now i n  s t a t e  j i s  i n  s t a t e  h ,  
i . e . ,  a  
* 
( )  ( y ) .  Hence t h e  r e s e r v e  must be 
APPROXIMATIONS 
I f  p r e c i s e  i n f o r m a t i o n  on t r a n s i t i o n s  i s  a v a i l a b l e  f o r  s i n g l e  
y e a r s  o f  a g e ,  and i n  t h e  r i g h t  form, t h e n  no q u e s t i o n  o f  approx i -  
ma t ions  need a r i s e .  Thus when w e  know t h a t  t h e  p r o b a b i l i t y  t h a t  
a  man o f  e x a c t  a g e  31 who i s  now working w i l l  be unemployed o n e  
y e a r  l a t e r ,  a l o n g  w i t h  s i m i l a r  i n f o r m a t i o n  f o r  a l l  o t h e r  p o s s i b l e  
t r a n s i t i o n s ,  t h e n  w e  need go no f u r t h e r  i n  o r d e r  t o  c o n s t r u c t  t h e  
I - m a t r i x .  For  s u c h  r a t i o s  g i v e s  u s  d i r e c t l y  what migh t  be c a l l e d  
.., 
a  p -mat r ix  c o v e r i n g  each  y e a r  s e p a r a t e l y ,  and t h e  c u m u l a t i v e  pro-  
- 
d u c t  o f  t h e  p -mat r i ces  s t a r t i n g  a t  t h e  b e g i n n i n g  o f  l i f e  o r  any 
* 
o t h e r  p o i n t ,  g i v e s  t h e  p r o b a b i l i t i e s  o f  t r a n s i t i o n s  o v e r  l o n g  
p e r i o d s  of  t i m e .  
R a r e l y  is  i n f o r m a t i o n  a v a i l a b l e  i n  s u c h  c o n v e n i e n t  form.  A t  
best  w e  migh t  have  exposed  p o p u l a t i o n  and  d e a t h s  or o t h e r  t r a n s -  
i t i o n s  o v e r  a  p e r i o d  o f  a  y e a r .  The r a t i o  o f  cases o f  t r a n s i t i o n  
t o  e x p o s u r e  w e  have  cal led t h e  M m a t r i x ,  and t o  g o  f r o m  t h e s e  t o  
- 
t h e  2 -ma t r ix  h a s  been  d i s c u s s e d  above ,  c u l m i n a t i n g  i n  ( 6 ) .  By i n -  
- 
t e g r a t i n g  t h e  2-ma t r ix  t h e  s t a t i o n a r y  p o p u l a t i o n ,  o r  L-matr ix ,  c a n  
.., - 
be c a l c u l a t e d ,  and  f rom t h a t  o n e  c a n  go  on t o  e x p e c t a t i o n s  o f  t i m e  
s p e n t  i n  t h e  v a r i o u s  s t a t e s .  By e x t e n s i o n  o f  o u r  r e c u r s i v e  fo rmula  
f o r  8 ( ~ )  w e c o u l d  e s t i m a t e  t h e  i n t e g r a l  f o r  f i n a n c i a l  c a l c u l a t i o n s  
- 
i n  one -yea r  i n t e r v a l s  f rom t h e  L-mat r ix ,  
v 
b u t  t h i s  seems t o  a d d  a n  u n n e c e s s a r y  a p p r o x i m a t i o n  t o  t h e  p ro -  
cess. What w e  s h o u l d  d o  i n s t e a d  is  t o  m u l t i p l y  t h e  I - m a t r i x  a t  
- 
-6x 
e a c h  a g e  by e , where i i s  t h e  rate o f  i n t e r e s t ,  and  t h e n  c a r r y  
o u t  t h e  i n t e g r a t i o n  f o r  N(x)  j u s t  as though  w e  were f i n d i n g  ex- 
" 
petted t i m e s  T ( x ) .  When w e  c a l c u l a t e  a ( x )  f o r  a  man aged  4 0  n o t  
- v 
i n  t h e  l a b o r  f o r c e  o n  ( 2 2 )  w e  f i n d  t h e  p r e s e n t  v a l u e  o f  a l i f e  
i n s u r a n c e  of  u n i t y . a t  t h r e e  p e r c e n t  t o  b e  0.13295. The a l t e r n a -  
t i v e  more p r e c i s e  c a l c u l a t i o n  i s  0.13302 o r  a b o u t  o n e  p a r t  i n  2000 
h i g h e r .  
CONCLUSION 
TO rewrite s t a n d a r d  a c t u a r i a l  f o r m u l a s  i n  matrix terms i s  
a n  e x t e n s i v e  and  p o t e n t i a l l y  u s e f u l  t a s k .  T h i s  p a p e r  p o i n t s  t h e  
way and  d o e s  a  s m a l l  p a r t  o f  t h e  work. I s s u e s  a r i s e  t h a t  w e  
f i n d  c h a l l e n g i n g  and  have  n o t  y e t  r e s o l v e d ,  i n c l u d i n g  t h e  retro- 
s p e c t i v e  v a l u a t i o n  o f  p o l i c i e s  i n  t h e  l i g h t  o f  v a r i o u s  d e g r e e s  o f  
knowledge o f  what  s t a t e s  t h e  p e r s o n  h a s  been  t h r o u g h .  P rospec -  
t i v e  v a l u a t i o n  r a i s e s  no s u c h  s u b t l e  i s s u e s .  W e  have  s t o p p e d  
s h o r t  o f  any c o n s i d e r a t i o n  o f  v a r i a n c e  o r  o f  r i s k ;  o u r  f o r m u l a s  
a r e  d e t e r m i n i s t i c .  
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